Magnetic anisotropy plays an essential role in information technology applications of magnetic materials, providing a means to retain the long-term stability of a magnetic state in the presence of thermal fluctuations. Anisotropy consists of a single-ion contribution stemming from the crystal structure and two-ion terms attributed to the exchange interactions between magnetic atoms. A lack of robust theory crucially limits the understanding of the temperature dependence of the anisotropy in pure two-ion and mixed single-ion and two-ion systems. Here, we use Green's function theory and atomistic Monte Carlo simulations to determine the temperature scaling of the effective anisotropy in ferromagnets in these pure and mixed cases, from saturated to vanishing magnetization. At low temperature, we find that the pure two-ion anisotropy scales with the reduced magnetization as k(m) ∼ m 2.28 , while the mixed scenario describes the diversity of the temperature dependence of the anisotropy observed in real materials. The temperature dependence of the mixed anisotropy determined here is expected to considerably contribute to the understanding and the control of the thermal properties of magnetic materials.
Introduction -Anisotropy is a fundamental aspect of magnetism. A single magnetic dipole generates an anisotropic field, and the interaction between dipoles leads to the emergence of the shape anisotropy stabilizing permanent magnets. In crystals, the spin-orbit interaction couples the direction of the spin magnetic moment to the local atomic environment, being the microscopic origin of the single-ion anisotropy. The interaction between atomic magnetic moments gives rise to two-ion anisotropy, owing both to dipolar and spin-orbit coupling effects. Magnetic anisotropy is critical to the operation of almost all magnetic devices and technologies. In data storage and logic devices, it is the driving mechanism behind the stabilization of inhomogeneous magnetic textures corresponding to bits of information, including domains, domain walls, vortices and skyrmions. Magnetic applications based on the anisotropy are also found in power generation, in hybrid cars and in various fields of spintronics.
Devices operate at elevated temperatures, where thermal spin fluctuations influence the saturation magnetization and the anisotropy. The precise determination of the temperature dependence of magnetic properties is increasingly important for applications, such as high-temperature permanent magnets and heat-assisted magnetic recording (HAMR). The analytical theory for the temperature dependence of the singleion anisotropy was developed by Akulov [1] , Zener [2] , and Callen and Callen [3] , according to which an anisotropy constant k following the symmetry of a spherical harmonic of order n depends on the dimensionless normalized magnetization m as k(m) = k(m = 1)m l at low temperature, where l = n(n + 1)/2. This yields well-known scaling exponents of l = 3 for 2 nd -order uniaxial and l = 10 for 4 th -order cubic anisotropies. While the underlying scaling is deceptively simple, it almost perfectly describes the experimental observations on the temperature dependence of the anisotropy in certain cubic materials such as α−Fe and CoFe 2 O 4 . However, the anisotropy in Co and Ni has a much more complex temperature dependence not described by the scaling relations.
Almost two decades ago, research into magnetic 3d5d intermetallic alloys uncovered a scaling exponent of l = 2.1 in L1 0 -FePt [4] , in contrast with the theoretically predicted scaling exponent of l = 3 for uniaxial anisotropy. Rare-earthtransition-metal permanent magnets often exhibit even more complicated behavior with an increase of the anisotropy with temperature [5] [6] [7] [8] , corresponding to a negative scaling exponent. Theoretical work attributed the unusual scaling exponent in FePt to two-ion anisotropy. Within a mean-field calculation, this term was shown to possess a scaling exponent of l = 2 [9] , which in combination with the single-ion term (l = 3) successfully reproduced the exponent found experimentally in refined numerical calculations [10, 11] . Despite the fact that the two-ion anisotropy is present in the vast majority of materials, a more detailed understanding of its temperature dependence, going beyond the mean-field approximation as for the single-ion case, appears to be lacking.
In this Letter, we show through precise atomistic computer simulations and Green's function theory calculations for classical spins that the two-ion anisotropy in cubic crystals scales with the reduced magnetization as k(m) ∼ m 2.28 for nearestneighbor coupling, in contrast to the commonly accepted mean-field value of k(m) ∼ m 2 . Notably, in the case of mixed two-ion and single-ion anisotropy, we find that the scaling exponent can radically vary, including reaching negative values as observed in rare-earth-based permanent magnets [6] [7] [8] . For the technologically relevant, highly anisotropic material L1 0 -FePt, we reproduce its peculiar temperature dependence of k ∼ m 2.1 based on single-ion and two-ion anisotropies of opposite signs. We find an expression for the temperature scaling of the effective anisotropy valid in the whole temperature range, up to the Curie temperature. This added body of knowledge is critical for the design of efficient protocols for HAMR at elevated temperatures.
Theory -For describing a generic ferromagnetic system, we arXiv:2002.02548v1 [cond-mat.mtrl-sci] 6 Feb 2020 consider the classical atomistic spin Hamiltonian
where S i, j are unit vectors representing local spin directions on nearest-neighbor lattice sites i and j, the summations run over pairs of sites i < j, J i j is the isotropic exchange interaction, k i j is the pairwise exchange or two-ion anisotropy constant and k i is the single-ion anisotropy constant. The atomistic parameters are determined by the electronic structure and are assumed to be temperature-independent in the range where the system is magnetically ordered. Finite-temperature effects are included in the effective micromagnetic model, defined by the free energy
with S the spin vector field of unit length, A (T ) the exchange stiffness and K eff (T ) the effective anisotropy parameter. The connection between the atomistic parameters in Eq. (1) and the micromagnetic parameters in Eq. (2) is determined by the spin-wave spectrum, given by (cf. Refs. [12, 13] )
(3) Here γ is the gyromagnetic ratio, µ s the atomic magnetic moment, m is the normalized dimensionless magnetization, z is the number of nearest neighbors, and γ k = z −1 ∑ i, jn.n. e ikR i j is the structure factor. The micromagnetic parameters in Eq. (2) are expressed as
via the unit cell volume V WS and the effective atomistic pa-rametersJ i j (T ) ,k i (T ) ,k i j (T ). We use Green's function theory [14, 15] to derive the finitetemperature values in Eq. (3) based on the parameters in the Hamiltonian, Eq. (1). See the Supplemental Material for details of the derivation [16] . We find universal expressions for the temperature scaling of the two-ion and the single-ion anisotropy, along with the isotropic exchange and the magne-
where
, which is the thermal occupation number per spin, N is the number of spins, and ∆ = k i j /J i j . Equations (6)-(9) must be solved together with (3) self-consistently in order to calculate the temperature dependence of the parameters.
The set of expressions for the temperature dependence of the isotropic (Eq. (6)) and anisotropic exchange (Eq. (7)) interaction, as well as the uniaxial anisotropy (Eq. (8)), is the main result of this work. Within the molecular-field approximation (MFA) or random-phase approximation (RPA) [17] , the corrections due to the magnon-magnon interactions, represented by Φ 1 and Φ 2 , are neglected, leading to all parameters scaling with the square of the magnetization in the whole temperature range. The correction to the isotropic exchange isJ i j /m 2 ∼ 1 + m(1 + ∆)Φ 2 ≈ 1 + mΦ 2 , since for most materials ∆ 1, while the correction to the two-ion anisotropy is k i j /m 2 ∼ 1 − mΦ 2 . We note that magnon-magnon interaction leads to two correction factors with opposite signs; whereas this contributes to the increase of the isotropic exchange component over the RPA estimation, for the anisotropic exchange the energy decreases with respect to the RPA scaling.
The correction to the two-ion and single-ion anisotropies is of the same sign, but of different magnitude. Their ratio is given by Φ 2 = εΦ 1 , depending on the crystal structure via γ k -see the Supplemental Material for details [16] . It takes a value of ε = 0.343 for simple cubic (SC), ε = 0.28 for bodycentered cubic (BCC), and ε = 0.255 for face-centered cubic (FCC) lattice [12] .
In the low-temperature limit, the temperature dependence of the effective parameters is traditionally formulated as a power function of the magnetization. Approximating Eq. (9) as m (T ) = 1 − Φ 1 for Φ 1 1, one arrives at the scaling laws
the latter already derived in the seminal paper by Callen and Callen [3] . Note that experimentally the total micromagnetic anisotropy parameter K eff may be determined, being a combination of two-ion and single-ion contributions as expressed in Eq. (5). In the low-temperature limit, this follows the scaling law K eff ∝ m l , with
Since the ratio of the single-ion and two-ion anisotropies significantly varies between different materials, Eq. (11) can account for a wide range of exponents different from l = 3, which would be expected in the pure single-ion case.
Simulations -In order to validate the accuracy of the analytical description, we performed numerical simulations based on the atomistic Hamiltonian Eq. (1). We computed the temperature-dependent magnetization and anisotropy of the system using the Constrained Monte Carlo algorithm [18] with adaptive move [19] , at a fixed angle of 45 • from the z axis, using quadrature to extract the anisotropic free-energy difference [18] . The calculations have been carried out using the VAMPIRE software package [20, 21] .
We first consider the intrinsic scaling of pure two-ion anisotropy, where we take the limit of very low temperatures for a generic ferromagnet with only nearest-neighbor exchange interactions zJ i j = 40 × 10 −21 J (T c ∼ 800 K), weak exchange anisotropy k i j /J i j = 0.001, and k i = 0. From computer simulations we obtain the temperature scaling of the anisotropy for SC, BCC and FCC lattice structures, as shown in Fig. 1 . The numerical values of the scaling exponents, as well as its dependence on the lattice structure or the number of neighbors, confirm the prediction of 2 + ε in Eq. (10), provided by Green's function theory. For simplicity, we define an average exponent of l = 2.28 ± 0.05, which clearly differs from the well-established m 2 scaling of the RPA. The exact scaling exponent of the effective anisotropy is expected to be slightly different for less idealistic Hamiltonians with longranged and oscillatory exchange interactions.
In technologically relevant 3d5d intermetallic uniaxial magnets, such as CoPt and FePt, the temperature dependence of anisotropy is more complex [4, [9] [10] [11] due to the competition between single-ion and two-ion anisotropies [11] . This competition may also play a significant role in rare-earthbased permanent magnets. Therefore, we calculated the scaling exponent of the effective anisotropy for various ratios of the single-ion and two-ion anisotropies, as shown in Fig. 2 . In the limit of k i → ±∞ the scaling exponent converges towards l = 3, while for the case of k i = 0 the pure two-ion exponent of l = 2.28 is recovered. When the ratio of the two anisotropies approaches −1, the net anisotropy tends to zero at T = 0 K, but the different intrinsic scaling of the single-ion and two-ion components leads to the appearance of a finite total anisotropy at finite temperature. This may be observed as a divergence of the scaling exponent in Fig. 2 . All of these observations are in agreement with Eq. (11) of the theory, which is displayed as a continuous line in Fig. 2 .
A remarkable consequence of mixed single-ion and two-ion anisotropies in Fig. 2 is the emergence of negative scaling ex- [22, 23] was applied to better approximate the temperature dependence of a realistic ferromagnet at low temperature, where the classical spin model overestimates the fluctuations. The negative exponent corresponds to an initial increase of the magnetic anisotropy with increasing temperature, turning into a decrease as T → T c , where the anisotropy tends to zero due to the loss of magnetic ordering.
ponents of the effective anisotropy at low temperature. To further explore this effect, we considered the case of 2k i /zk i j = −0.95. The temperature dependence of the magnetization and the effective anisotropy up to T c are shown in Fig. 3 . Here the negative scaling exponent at low temperature, l ≈ −4, leads to an increase of the magnetic anisotropy with temperature, as opposed to a decrease usually expected. However, at the Curie temperature the magnetic anisotropy has to tend to zero due to the loss of magnetic ordering, and so the effective anisotropy shows a maximum around T /T c ≈ 0.7. Such a feature is highly characteristic of R 2 Fe 14 B permanent mag-nets with nonmagnetic rare-earth elements R = La, Lu, Y and Ce, where the anisotropy is seen to follow a strikingly similar behavior [5] . Until now, this behavior was assumed to arise due to crystal-field effects related to changes in lattice constants [5, 6] , but our findings indicate an alternative explanation: large and competing single-ion and two-ion anisotropies arising from the complex crystal symmetry. Unambiguously identifying the competing anisotropies as the origin of the observed behavior is beyond the capabilities of the simple classical model presented here, but first-principles calculations may be suitable for determining the relative strengths of the various anisotropy coefficients separately. The nonmonotonic dependence of the anisotropy on the temperature in Fig. 3 already demonstrates that the lowtemperature scaling law is insufficient for characterizing the anisotropy in the whole temperature range. It is well known that nonlinear spin-wave effects become more pronounced at higher temperatures [3] , which is of particular technological relevance due to the development of HAMR where the temperature dependence of the magnetic anisotropy close to the Curie temperature is critical for determining the ultimate data density achievable for magnetic recording [24, 25] .
In order to examine the effective anisotropy at higher temperatures, we performed atomistic calculations on a BCC lattice with parameters J i j = 4.5 × 10 −21 J, k i j = +0.0275 × 10 −21 J and k i = −0.02 × 10 −21 J, which produce comparable magnetization curves to L1 0 -FePt. The simulation results are presented in Fig. 4 . The low-temperature scaling exponent of l = 2.1 (inset) in our calculations is in agreement with previous experimental results [4] and multiscale calculations with ab initio inputs [11] despite the simplification to nearest neighbor exchange interactions. As can be deduced from Eq. (11), the only possibility to observe a scaling exponent of l = 2.1 of the effective anisotropy is for the single-ion and two-ion contributions to have opposite signs.
In our simulations for FePt, the anisotropy in the full temperature range is well described by the function
where k = 0.162145 ± 0.000437, as shown in Fig. 4 . This formula includes a higher-order expansion of the scaling exponent in the magnetization. Our results show a 25% decrease in the effective anisotropy close to the Curie temperature (m ≈ 0.2) compared to extrapolating the low-temperature m 2.1 scaling to this regime, indicating an enhancement of magnon-magnon interactions at elevated temperature. This insight has important implications concerning the design of FePt nanoparticles for digital data recording using thermomagnetic techniques such as HAMR, indicating that lower heating powers than before may be sufficient for decreasing the anisotropy to a value where the magnetic state can be switched easily.
Conclusions -In summary, we have applied atomistic simulations and analytical calculations based on Green's function theory to investigate the temperature dependence of the exchange or two-ion anisotropy. Simulations and theory agree in predicting a low-temperature scaling exponent of l ≈ 2.28 ± 0.05 due to the contribution of nonlinear spin-wave effects, significantly different compared to the mean-field estimate of l = 2. If both single-ion and two-ion anisotropies are present in the system, the scaling exponent may become considerably enhanced or turn negative if the two contributions are of opposite sign. The refined understanding of the temperature dependence of the two-ion anisotropy presented here is expected to play an important role in a wide array of magnetic applications and play a crucial role in the interpretation of experimental data [26] [27] [28] . It allows for the proper interpretation of unusual scaling exponents found in experimental data for permanent magnets [4] [5] [6] . Another theoretical explanation of two-ion anisotropy was put forward recently by Ellis et al. [29] , where no explicit two-ion anisotropy was included, yet the exponent l ∼ 2.1 was recovered for FePt by accounting for the longitudinal dynamics of the non-magnetic Pt moments mediating the exchange interactions. Metallic ferromagnets tend to retain some itinerant character, which may explain a predominant two-ion contribution in rare-earth-transition-metal compounds. Further measurements or a careful interpretation of the existing data may allow the experimental determination of the relative contributions from single-ion and two-ion terms, helping to verify the predictions of first-principles calculations as well as to develop a more complete understanding of magnetic anisotropy beyond the theories of Akulov, Zener, and Callen and Callen. Extending the description to antiferromagnetic systems should enable to clarify the role of the two-ion contribution in the temperature dependence of their anisotropy [30] [31] [32] .
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SUPPLEMENTAL MATERIAL
The temperature dependence of the spin-wave spectrum within the atomistic spin model of Eq. (1) in the main text is calculated by considering the time-dependent Green's function (cf. Refs. [13] [14] [15] )
where θ (t) is the Heaviside function, denotes averaging in thermal equilibrium, r is a real parameter, and S ± i = S x i ± iS y i . stands for the Poisson brackets, which for the spin components is defined as
where s,t, u stand for Cartesian components. The Green's function satisfies the inhomogeneous equation of motion
On the right-hand side of Eq. (15) higher-order Green's functions appear due to the Poisson bracket
In order to obtain a closed set of equations, Green's functions containing different numbers of spin components are decoupled from each other via the approximation
Equation (15) is Fourier transformed in time (∂ t → −iω) and space,
leading to
and Θ (0) = 2m from Eq. (14) .
The spin wave frequencies read
where J k and k k are the Fourier transforms of J i j and k i j , respectively. In inversion-symmetric systems with ω k = ω −k , assuming only nearest-neighbor interactions, the relation
holds, which leads to Eq. (3) in the main text when substituted into Eq. (22) . Equations (20)- (22) can be solved self-consistently by introducing the spectral density
and using the spectral theorem
This leads to
and
with Φ 1 the sum over the magnon occupation numbers as defined in the main text. Equation (27) may be rewritten as a differential equation for the momentum generating function Ω (r) = e rS z i ,
yielding
where denotes differentiation with respect to r. By using Ω (0) = 1 by its definition and requiring that Ω remain finite at finite r leads to the solution Ω (r) = 1 1 + rΦ
Calculating Ω (0) = m yields Eq. (9) in the main text, closing the set of equations required for the self-consistent solution.
As described in Ref. [13] , the effective temperaturedependent parameters may be expressed via the transversal
